Abstract. The paper is devoted to a careful analysis of the shape-preserving properties of the strongly continuous semigroup generated by a particular second-order differential operator, with particular emphasis on the preservation of higher order convexity and Lipschitz classes. In addition, the asymptotic behaviour of the semigroup is investigated as well. The operator considered is of interest, since it is a unidimensional Black-Scholes operator so that our results provide qualitative information on the solutions of classical problems in option pricing theory in Mathematical Finance.
Introduction and notation
The present paper is focused upon studying qualitative and asymptotic properties of the strongly continuous semigroup (S m (t)) t 0 generated by a second-order differential operator of the form (1.1)
Lu(x) := σ 2 2 x 2 u (x) + rxu (x) − ru(x) (x 0, σ > 0, r 0), acting on a suitable domain, in the setting of weighted continuous function spaces. Similar operators frequently occur in Mathematical Finance: really, they typically arise when setting up theoretical models in no-arbitrage pricing theory. In this respect (1.1) may be regarded as a unidimensional Black-Scholes operator in its
The paper is dedicated to Professor Luigi Albano on the occasion of his 70th birthday. simplest form, with volatility and riskless interest rate constant over time and equal to σ and r, respectively.
The existence of the semigroup (S m (t)) t 0 generated by (1.1), together with its deep connection with suitable Markov processes, has been established in [3] . In the same framework, in [1] and [2] the authors, according with a general scheme of investigation of the interplay between constructive approximation processes and degenerate evolution problems (see, for instance, [1]- [5] and many of the references quoted therein), have shown that (S m (t)) t 0 may be written down in terms of suitable Post-Widder-type operators Q n , as described in (2.2).
Our purpose hereby is to emphasize how representation (2.2), far from being merely a theoretical result, turns out to be a powerful tool when investigating qualitative properties of the semigroup and, consequently, of the (mild or strong) solution of the PDE problem (2.6), which, as it is well-known, is given by S m (t)f at any time t > 0.
From this viewpoint the paper is organized as follows. We first provide an integral representation of (S m (t)) t 0 by using some methods developed, in a less general case, in [4] and based essentially upon the study of the stochastic differential equation associated with L. In this way we are able to determine the existence of an (oblique) asymptote of S m (t)f at +∞.
In the remaining part of the paper, referring solely to the representation (2.2) of the semigroup through the Q n 's, we show how each S m (t) preserves higher order convexity and Lipschitz classes: here we apply some general results (developed in [5] and using the notion of total positivity as a starting point) about the preservation properties of positive linear operators having a suitable integral representation and of their limiting strongly continuous semigroups, if any (see [5, Theorem 2.7 and, in particular, representation (2.10)]).
A finer analysis is devoted to the properties of S m (t)f , f being a convex function with linear growth; the asymptotic behaviour of the semigroup as t → +∞ is investigated, as well.
Finally, an application to the classical Black-Scholes problem for European call and put options is presented: in this respect, we point out how some of our results perfectly match the analogous ones supplied in [7] and [9] but proved through quite different techniques.
The notation we use throughout the paper is standard enough. If k 1 is an integer and I is a real interval, by C k (I) we denote the vector space of all realvalued k-times continuously differentiable functions on I. As usual, C(I) and L 1 (I) stand for the vector space of all real-valued continuous and Lebesgue integrable, respectively, functions on I. For any real λ 0, we denote by e λ the power function e λ (x) := x λ (x 0).
